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Crude oil is a mixture of light and hea®y hydrocarbon components. The light compo-
nents in crude oil keep the hea®y components soluble in solution. Howe®er, the cooling
of crude oil below its solidification point leads to the formation of a solid-wax phase. A
number of thermodynamically based models ha®e been proposed in the literature for the
prediction of wax formation in both crude oils and fuels. Some of these models assume
ideal liquid solution beha®ior. Others are a modification of the regular solution theory
or the Flory-Huggins model for acti®ity coefficients, with ®arying degrees of success. The
absence of a proper model in the petroleum industry to describe the liquid-phase non-
ideality for mixtures of hydrocarbons with large differences in size is still one of the
major problems in solid� liquid equilibrium calculations. A simple methodology is pro-

( )posed to de®elop a cubic equation of state CEOS for the solid phase to allow the
accurate calculation of solid� liquid equilibria. The methodology is successfully applied

( )to the Twu-Sim-Tassone TST cubic equation of state. The solid TST equation of state
is then combined with the TST excess Helmholtz energy mixing rule to handle highly
nonideal systems for the accurate prediction of solid� liquid phase equilibria.

Introduction

Our recent efforts toward the development of a unified
Ž E.excess Helmholtz energy A mixing rule and a new cubic

Ž .equation of state Twu-Sim-Tassone TST for highly nonideal
Ž .systems in predicting vapor�liquid equilibria VLE have been

highly successful. However, in spite of these advances in the
prediction of vapor�liquid equilibria, a reliable thermody-

Ž .namic model for solid�liquid equilibria SLE from an equa-
tion of state still needs to be developed. Therefore, we turn
our attention to our TST cubic equation of state and extend
it to solid�liquid equilibria for the prediction of solid solubil-
ity in the liquid phase.

The prediction of solid solubility is of interest to the
petroleum industry. Crude oils are a mixture of light and
heavy hydrocarbon components. When these oils are cooled

Correspondence concerning this article should be addressed to C. H. Twu.

during transportation, the solubility of the heavy components
decreases because solubility depends very strongly on tem-
perature. If the temperature of the oil is below the solidifica-
tion temperature of the mixture, the solubility of the heavy
hydrocarbons is significantly decreased, causing these heavy
components to precipitate and form solid wax. Wax deposits
may lead to capacity reduction, blockage, and other opera-
tion and transportation problems.

To prevent these problems, numerous methods have been
proposed for the prediction of wax formation in both crude
oils and fuels. In addition to empirical correlations, liquid
activity-coefficient models are generally used for the calcula-
tion of solid�liquid equilibria with some degrees of success.
Because the activity-coefficient model cannot be used to pre-
dict other thermodynamic properties of the solid and liquid
phases, such as density and enthalpy, it is desired to have an
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equation-of-state method for SLE. Wenzel and Schmidt
Ž . Ž .1980 extended the Redlich-Kwong RK equation of state
to the solid phase by adding an additional term with a six
power in volume. This additional term predicts a second S-
shaped isotherm in the region of the solid�liquid transition
to give a solid-like volume at low molar volumes. This is simi-
lar to the S-shaped isotherm in the vapor-liquid region that
yields the transition to the liquid phase. Since the Wenzel-
Schmidt equation is not cubic in volume and the critical con-
straints are not satisfied either, the wonderful features of
having a cubic equation of state for predicting vapor�liquid
equlibria vanish.

Many authors have proposed their own models for han-
dling solids, but their approaches often require the fitting of
many different kinds of data such as solid-density, sublima-
tion-pressure, and melting-pressure data. These data are of-

Ž .ten not available. Salim and Trebble 1994 refit the con-
stants of their four-parameter cubic equation of state at the
triple-point temperature to allow the calculation of equilibria
involving the solid phase. Since there are four parameters in
their equation of state, they have to impose four constraints
to find these parameters. These four constraints are not all
necessary, however. They depend upon the number of pa-
rameters in the equation of state used. After the parameters
are calculated at the triple point, the two temperature-de-
pendent parameters have yet to be found from the sublima-
tion pressure data of the solid, which are difficult to obtain.
It is well known that any cubic equation of state with three or
four parameters results in more accurate predictions of den-
sity than two-parameter cubic equations of state. The three-
or four-parameter cubic equations of state require density
data in advance to find the extra parameters of the equation
of state for each component in the system before they can
start any phase-equilibrium calculations. This requirement,
unfortunately, not only is inconvenient in the application of
such multiparameter equations of state, but also creates in-
consistencies in the regressed parameters such as Z fromc
the density data for the components. Furthermore, their K-
value predictions are no better than those of the two-parame-
ter cubic equations of state. As a result of these drawbacks,
the three- or four-parameter cubic equations of state have
never found widespread use in industrial applications. There-
fore, any cubic equation of state with more than two parame-
ters is not considered in this work.

In view of the success of the two-parameter cubic equa-
tions of state in VLE calculations and of the need for im-
proved methods of predicting SLE, including solid solutions,
a simple methodology is proposed to extend the TST cubic
equation of state to the solid phase. The solid TST equation
of state is then combined with the TST AE mixing rule to
handle highly nonideal systems for the accurate prediction of
solid�liquid phase equilibria.

Thermodynamic Framework
We need fugacities for the prediction of solid�liquid equi-

libria. There is little difficulty in calculating the liquid fugac-
ity from any cubic equation of state, but predicting the fugac-
ity for solid components accurately from the equation of state
is difficult. The fugacity is a thermodynamic property, and
thus depends on temperature, pressure, and composition. Van

Ž .Ness and Abbott 1982 give a general expression for the fu-
gacity as follows

� H ®
d ln fsy dTq dP 1Ž .2 RTRT

where � H is the enthalpy departure from ideal gas and ® is
the molar volume. Since Eq. 1 is a general expression, it can
be applied to any phase. Applying Eq. 1 to the solid solution,
it becomes

� H S ®S
Sd ln f sy dTq dP 2Ž .2 RTRT

and applying it to a liquid solution

� H L ®L
Ldln f sy dTq dP 3Ž .2 RTRT

Subtracting Eq. 3 from Eq. 2 gives

f S � H f �®
d ln s dTy dP 4Ž .L 2 RTf RT

where � H fs� H Ly� H S is the latent heat of fusion at the
fusion temperature T and �®s®Ly®S is the molar volumef
difference between the liquid and solid phases. Integrating
Eq. 4 from the triple-point temperature T to T and from thet

Žtriple-point pressure close to zero and negligible relative to
.system pressure P to P, we obtain

f S � H f T �®P
ln sy 1y y 5Ž .L ž /RT T RTf t

In the integration of Eq. 4, � H f and �® are assumed to be
temperature and pressure independent, respectively. At the
zero pressure limit, Eq. 5 becomes

f S � H f T
ln sy 1y 6Ž .L ž /RT Tf t

Equation 6 is our fundamental equation for the develop-
ment of an equation of state to handle solid solutions. It is

Ž .worth mentioning that Prausnitz 1969 gave a similar equa-
tion, describing the solid fugacity as

s f �Cf � H T T Tp t t
ln sy 1y q y1yln 7Ž .L ž /ž /RT T R T Tf t

where �C s C - C . The logarithmic function inp pŽliquid. pŽ solid.
the last term of Eq. 7 can be expanded in series as

2T T 1 Tt t t
ln s y1 y y1 q ��� 8Ž .ž / ž / ž /T T 2 T
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Ž .The higher powers of TrTy1 in Eq. 8 can be neglectedt
at temperatures not too far from the triple point. Substituting
Eq. 8 into Eq. 7, it is apparent that the last term in Eq. 7
cancels out to reduce to Eq. 6. Therefore, Prausnitz suggests
that it is sufficient in many cases to consider only the term
that includes � H f and to neglect the term �C . Our deriva-p
tion has shown that Eq. 6 is valid at zero pressure without
neglecting any terms.

A methodology is proposed to extend the TST cubic equa-
tion of state to the solid phase based on Eq. 6. The TST

Ž .cubic equation of state was developed by Twu et al. 2002a
to allow better prediction of liquid densities for heavy hydro-
carbons and polar components as well as the accurate predic-
tion of vapor pressure of all components in databanks. The
TST cubic equation of state is represented by the following
equation

RT a
Ps y 9Ž .®yb ®q3b ®y0.5bŽ .Ž .

The values of a and b at the critical temperature are found
by setting the first and second derivatives of pressure with
respect to volume equal to zero at the critical point, resulting
in

a s0.470507R2T 2rP 10Ž .c c c

b s0.0740740RT rP 11Ž .c c c

Z s0.296296 12Ž .c

where subscript c denotes the critical point. It’s worth noting
that the values of Z from the SRK and PR equations arec
both larger than 0.3, whereas that from the TST equation is
slightly below it and is closer to the true value.

Equation 9 can be rewritten in general form as

RT a
Ps y 13Ž .®yb ®qub ®qwbŽ .Ž .

where the constants u and w, which are equation-of-state-de-
pendent, are us3 and wsy0.5 for the TST equation.

Equation 6 requires knowledge of the fugacity at zero pres-
sure. The fugacity of a pure component at zero pressure can
be derived from Eq. 13 as

b
�ln f sy1yln yln ® y1Ž . Ž .ž /RT

1 1 a ®�qw
y ln 14aŽ .�ž /wyu RT b ® quŽ .

Equation 14a can be rewritten in a reduced form by includ-
ing the system pressure P to get the expression of the fugac-
ity coefficient as

f 1 a� ®�qw
� �ln sy1yln b yln ® y1 y lnŽ . � �ž /ž /P wyu b ® quŽ .

14bŽ .

The parameters a� and b� in Eq. 14 are defined as

a�s ParR2T 2 15Ž .

b�s PbrRT 16Ž .

The term ®�s®rb in Eq. 14 is the reduced volume at zero
pressure. If Eq. 14 is applied to the liquid phase, ®� is the
reduced liquid volume at zero pressure. If the volume is the
solid-phase volume, ®� is the reduced solid volume at zero
pressure. The reduced volume is solved from Eq. 13 by set-
ting the pressure equal to zero and selecting the smallest root.
The approach used here eliminates the need for finding the
equilibrium pressure for the system to solve for the solid or
liquid volume. The solution for the reduced volume at zero
pressure from Eq. 13 is

1r2� � �21 a a a
�® s yuyw y uqwy y4 uwq� � �ž / ž / ž /½ 52 b b b

17Ž .

An Equation-of-State Method for the Liquid
Fugacity

Applying Eq. 14 to the liquid phase, the fugacity coeffi-
cient of a pure liquid f LrP at zero pressure is obtained by

f L
� � Lln sy1yln b yln ® y1Ž .ž /P

1 a� L ®� Lqw
y ln 18Ž .� � Lž /wyu bŽ . ® qu

Note that the equation-of-state parameter b is the pure-
component constant. The superscript L denotes that the
properties are for the liquid phase. The reduce liquid volume
®� L at zero pressure is directly obtained from Eq. 17

2� L � L°1 a a
� L ~® s yuyw y uqwy� �ž / ž /¢2 b b

1r2
� L ¶a •y4 uwq 19Ž .�ž / ßb

The equation-of-state parameter a for liquid, aL, is a func-
tion of temperature. Its liquid value at any temperature can
be calculated from

aLs� La 20Ž .c

where a is given by Eq. 10 and � L is the alpha function, ac
function only of the reduced temperature, T sTrT . Herer c

Ž .we use the Twu alpha function Twu et al., 1991

� LsT nŽmy1.e ll Ž1yTr
n m. 21Ž .r
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Table 1. The ll , m, and n Databank of the Generalized
Liquid Alpha Function � L for Eqs. 23 and 24 with TST

Equation of State for Subcritical and Supercritical
Conditions

T F1 T �1r r
Ž0. Ž1. Ž0. Ž1.� Parameter � � � �

ll 0.196545 0.704001 0.358826 0.0206444
m 0.906437 0.790407 4.23478 1.22942
n 1.26251 2.13086 y0.200000 y8.000000

Equation 21 has three parameters ll , m, and n. These pa-
rameters are unique to each component and are determined
from the regression of pure-component vapor-pressure data.
However, for hydrocarbon systems, the alpha function � L can
be generalized as a linear function of the acentric factor. The
generalized alpha function is especially useful for application
to systems containing defined heavy hydrocarbons and unde-
fined hydrocarbons such as petroleum fractions, where vapor
pressures are unavailable.

The generalized alpha function � L is expressed as a func-
tion of two variables, the reduced temperature T and ther
acentric factor � as

� Ls� L T ,� s� Ž0.q� � Ž1.y� Ž0. 22Ž . Ž .Ž .r

Each alpha is a function of the reduced temperature only,
and Eq. 21 is used for � Ž0. and � Ž1.

� Ž0.sT nŽ0.ŽmŽ0.y1.e ll Ž0.Ž1yTr
nŽ0.mŽ0.

. 23Ž .r

� Ž1.sT nŽ1.Žm
Ž1.y1.e ll Ž1.Ž1yTr

nŽ1.mŽ1.
. 24Ž .r

Ž . Ž .The superscripts 0 and 1 in Eqs. 22, 23, and 24 are con-
sistent with the definition of the acentric factor at �s0 and

Ž .�s1, respectively. Twu et al. 2002b developed the general-
ized ll , m, and n parameters for use in Eqs. 23 and 24 with
the TST cubic equation of state. These values are listed in
Table 1. By knowing the acentric factor and the reduced tem-
perature, the alpha function of a component in the liquid
phase can be computed from Eqs. 22�24. The equation-of-
state parameter a for the liquid, aL, is then calculated from
Eqs. 10 and 22 using Eq. 20. Subsequently, the liquid volume
and the liquid fugacity coefficient are obtained from Eqs. 19
and 18, respectively. All the necessary properties of the liq-
uid phase required in SLE can therefore be predicted from
the TST cubic equation of state.

Next is the calculation of the solid fugacity for the predic-
tion of solid solubilities in the liquid phase. We propose a
simple methodology to extend our TST equation of state for
application to the solid phase.

An Equation-of-State Method for the Solid Fugacity
We assume that the density of the solid is greater than the

density of the liquid due to greater attractive forces between
molecules in the solid phase. This means the value of the
alpha function for the solid, � S, is larger than that for the
liquid � L. The liquid alpha function � L has been general-

ized using vapor pressure data and can be calculated from
Eq. 22, but � S is still unknown at this point. Our methodol-
ogy proposes that the alpha function of the solid � S or the
equation-of-state parameter a of the solid aS be derived from
Eq. 6 to maintain the internal consistency between the solid
and the liquid fugacities and other predicted thermodynamic
properties, such as densities and alpha functions. This ap-
proach avoids the use of the sublimation pressure of the solid
at the system temperature, which can be difficult to obtain,
to derive aS.

Similar to Eqs. 18 and 19, the fugacity coefficient and the
reduced volume ®�S of a pure solid at zero pressure f SrP are

f S
� � Sln sy1yln b yln ® y1Ž .ž /P

1 a�S ®�Sqw
y ln 25Ž .� �Sž /wyu bŽ . ® qu

2� S � S°1 a a
�S ~® s yuyw y uqwy� �ž / ž /¢2 b b

1r2
� S ¶a •y4 uwq 26Ž .�ž / ßb

Examining these two equations just given for the solid, we
found that the only unknown is the equation-of-state param-
eter a for the solid a�S. If the value of the solid a�S is found,
the solid volume and its fugacity coefficient, ®�S and f SrP,
can then be calculated from the preceding two equations.
Here is our methodology to develop the equation-of-state pa-
rameter a for the solid, a�S. Substituting Eqs. 18 and 25 into
Eq. 6 results in

1 a�S ®�Sqw
� �Sy1yln b yln ® y1 y lnŽ . � �Sž /wyu bŽ . ® qu

f L � H f T
s ln y 1y 27Ž .ž / ž /P RT Tt

For a pure component, the latent heat of fusion � H f and
the triple-point temperature, T , are available from anyt
pure-component databank, such as DIPPR. The liquid fugac-
ity coefficient f LrP at zero pressure is calculated by Eq. 18.
The value of the righthand side in Eq. 27 therefore is known
at a given temperature. Using Eq. 26 for ®�S in Eq. 27, the
only unknown remaining in Eq. 27 is a�S. Consequently, the
unknown, a�S can be solved from Eq. 27. The following steps
are used to derive the solid equation-of-state parameter a�S,
and, hence, the solid alpha function, � S:
Ž . L1 Calculate the generalized alpha function of liquid �

from Eq. 22 at a given temperature by giving the critical tem-
perature, critical pressure, and acentric factor of the compo-
nent.
Ž . L2 Calculate the equation-of-state parameter of liquid a

from Eqs. 10 and 22 using Eq. 20.
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Ž .3 Compute the reduced liquid volume at zero pressure
from Eq. 19.
Ž . L4 Compute the liquid fugacity coefficient f rP at zero

pressure from Eq. 18 using the calculated reduced liquid vol-
ume from Eq. 19.
Ž .5 Solve Eq. 27 for the solid equation-of-state parameter

a�S by substituting Eq. 26 into Eq. 27.
Ž . S S S6 Calculate the solid alpha function, � , from � sa rac

by using Eq. 10 for a .c
Ž .7 Repeat these steps for other temperatures.
The selected range of temperatures in the preceding pro-

cedures is wide enough to cover the entire range of tempera-
ture for SLE. Since the shape of the solid alpha function as a
function of temperature is different from that of the liquid,
we have developed a new alpha function for the solid to cor-
relate the solid alpha function � S as a function of the re-
duced temperature

nSS 0.5� T s1q ll 1yT qm 1yT 0.7yT 28Ž . Ž .Ž . Ž .Ž .r s r rs

The new solid alpha function, � S, gives extremely high ac-
curacy in the correlation of the data of the derived solid al-
pha function over a wide range of temperatures for any cubic
equation of state. There are three parameters ll , m , andSS
n in Eq. 28. These parameters are unique to each compo-S
nent and are determined from the procedures proposed ear-
lier. We have developed the ll , m , and n parameters forS SS
use in Eq. 28 with the TST cubic equation of state. Some of
these values are listed in Table 2.

Using the developed solid alpha function given by Eq. 28
in Eq. 9, we have successfully extended the TST cubic equa-
tion of state to the solid phase for predicting the solid fugac-
ity coefficient at any temperature and pressure. Even though
the methodology developed for the solid alpha function is at
zero pressure, it can be used in the TST equation of state to
predict the solid fugacity at elevated pressures, because the
solid alpha function is temperature-dependent only, not pres-
sure-dependent. The TST equation of state developed from
this methodology predicts thermodynamic properties such as
fugacity coefficients, volumes, and alpha functions for both
solid and liquid phases in a totally consistent way.

The new methodology gives a predictive ability to the TST
equation of state for SLE like that of the van’t Hoff equation.
However, unlike the van’t Hoff equation, which is unable to
handle solid solutions and unable to predict other properties,
the equation-of-state method developed here is applicable to

equilibria with formation of solid solutions. We will incorpo-
rate our AE mixing rules in the TST equation of state to
handle highly nonideal solid�liquid equilibrium systems.

Solid–Liquid Equilibria
At solid�liquid equilibrium, the respective fugacities of the

components in both phases are equal

f Ss f L 29Ž .i i

In terms of the fugacity coefficient, Eq. 29 becomes

� Sx Ss� Lx L 30Ž .i i i i

We only consider the pure solid in this work. The applica-
tion of our equation-of-state method to solid solutions will be
presented in a separate article. If the solid is a pure compo-
nent i, that is, x Ss1. Equation 30 becomesi

� oSs� Lx L 31Ž .i i i

where � oS is the fugacity coefficient of the pure solid com-i
ponent i. The solubility of solid i in liquid, x L, is theni

� oS
iLx s 32Ž .i L�i

Equation 32 requires the calculation of the fugacity coeffi-
cients for both the solid and liquid phases. The general ex-
pression for the fugacity coefficient of component i in mix-
ture can be derived from Eq. 13

f 1 � nbi �ln s Zy1 yln ZybŽ . Ž .ž / ž /x P b � ni i

� �21 a 1 � nb 1 � n a Zqwb
q y ln� �ž /½ 5ž / ž /wyu b b � n na � n ZqubŽ . i i

33Ž .

In this work, the TST cubic equation of state is applied to
both the solid and liquid phases. The solid phase takes over

Table 2. ll , m , and n Parameters of Solid Alpha Function, �S, with the TST Cubic Equation of States ss

Ž . Ž . Ž . Ž .Comp. T K P bar T K H Jrkg-mol � ll m nc c f f s ss

CH 553.80 40.80 279.60 2,740,000 0.208054 1.40116 0.929097 0.753477
NC6 507.60 30.25 177.83 13,080,000 0.301261 y0.345243 5.17464 1.23093
2MP 497.70 30.40 119.55 6,268,000 0.279149 1.70022 3.49187 5.71100
NC7 540.20 27.40 182.57 14,050,000 0.349469 y0.0471049 5.37875 1.46981
NC16 723.00 14.00 291.308 53,358,000 0.717404 y4.48506 14.3126 0.636420
NC18 747.00 12.70 301.31 61,706,000 0.811359 y5.08971 16.0139 0.635623
NC22 787.00 10.60 317.15 48,953,000 0.972190 y1.64851 12.5644 0.849707
NC28 832.00 8.50 334.35 64,643,000 1.23752 y2.19647 15.7724 0.866198

Abbre®iations: CH s cyclohexane C H ; NC6 s n-hexane, C H ; 2MP s 2-methylpentane, C H ; NC7 s n-heptane, C H ; NC16 s n-6 12 6 14 6 14 7 16
hexadecane, C H ; NC18 s n-octadecane C H ; NC22 s docosane C H ; NC28 s octacosane C H .16 34 18 38 22 46 28 58
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the role of the liquid phase in vapor�liquid equilibrium cal-
culations by replacing the liquid alpha function with the solid
alpha function derived in the previous section. Although the
equation-of-state parameter a for the solid is different from
the liquid, the equation-of-state parameter b is the same for
both phases. More specifically, the solid fugacity coefficient
at system temperature and pressure is calculated from the
TST cubic equation of state using the solid alpha function in
Eq. 28 and the liquid fugacity coefficient is calculated from
the same TST equation of state but using the generalized
liquid alpha function given by Eq. 22 in the solid�liquid equi-
librium calculations.

Equation 33 requires the mixing rule for the equation of
state parameters a and b. The excess Helmholtz-energy
zero-pressure mixing rules of TST are used for the a and b
parameters

� E Ea 1 A A b®dw 0 0 ®dw ®dw� �a sb q y yln 34Ž .� ž /ž /b C RT RT b®dw r

b� ya�
®dw ®dw�b s 35Ž .� E Ea 1 A A b®dw 0 0 ®dw ®dw

1y q y yln� ž /ž /b C RT RT b®dw r

The C in the preceding equations is a constant, and isr
defined as

1 rqw
C sy ln 36Ž .r ž /wyu rquŽ .

A universal value of the reduced liquid volume rs1.18 is
Ž . Eassigned in this work Twu et al. 1998 . In Eqs. 34 and 35 A0

and AE are the excess Helmholtz energies at zero pres-0®dw
sure. The subscript ®dw in AE denotes that the properties0®dw
are evaluated from the cubic equation of state using the van
der Waals mixing rule for its a and b parameters. The ex-
pression for AE can be derived from the equation of state0®dw
by assuming a fixed reduced liquid volume r for a van der
Waals fluid at zero pressure

� �EA b a a0®dw i ®dw is x ln qC y x 37Ž .Ý Ýi r i� �ž /RT b b b®dw ®dw ii i

Here a and b are the equation of state a and b pa-®dw ®dw
rameters, which are evaluated from the conventional van der
Waals one-fluid mixing rules without using any binary inter-
action parameters

a s x x a a 38Ž .'Ý Ý®dw i j i j
i j

1
b s x x b qb 39Ž .Ž .Ý Ý®dw i j i j2i j

The mixing rule for the parameter b as given by Eq. 35
forces the mixing rule to satisfy the quadratic composition
dependence of the second virial coefficient. Alternatively, the

conventional van der Waals mixing rule could be chosen for
the b parameter, that is, ignoring the second virial coefficient
boundary condition. We have chosen bsb in this work.®dw
Equations 34 and 35 are then simplified to

b� AE AE
®dw 0 0 ®dw� �a sa q y 40Ž .®dw ž /C RT RTr

1
bs x x b qb 41Ž .Ž .Ý Ý i j i j2i j

Since AE in Eq. 40 is at zero pressure, its value is identical0
to the excess Gibbs free energy G E at zero pressure. There-
fore, any activity model can be used directly for the excess
Helmholtz energy expression AE in the equation. Twu et al.0
Ž .2001 have presented a general multicomponent equation for
a liquid activity model for incorporation in the AE mixing
rules as

n

x � GÝ j ji jiE nG j
s x 42Ž .Ý niRT i x GÝ k ki

k

Equation 42 appears to be similar to the NRTL equation,
but there is a fundamental difference between them. NRTL
assumes A , A , and � are the parameters of the model,i j ji i j
but our excess Gibbs energy model assumes � and G arei j i j
the binary interaction parameters. More importantly, any ap-
propriate temperature-dependent function can be applied to
� and G . For example, to obtain the NRTL model, � andi j i j i j
G are calculated as usual from the NRTL parameters A ,i j i j
A , and �ji i j

Aji
� s 43Ž .ji T

G sexp y� � 44Ž . Ž .ji ji ji

We also note Eq .42 can recover the conventional van der
Waals mixing rules when the following expressions are used
for � and Gi j i j

1
� s 	 b 45Ž .ji i j i2

bj
G s 46Ž .ji bi

where

2
a a' 'a a' 'C j ji i1

	 sy y q2k 47Ž .i j i jRT b b b bž /i j i j

1 1qw
C sy ln 48Ž .1 ž /wyu 1quŽ .
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Equations 45�48 are expressed in terms of the cubic equa-
tion-of-state parameters, a and b , and the binary interac-i i
tion parameter, k . The preceding discussion demonstratesi j
that Eq. 42 is more generic in form than NRTL. Both the
NRTL and van der Waals fluid parameters are special cases
of our excess Gibbs energy function.

Results
The systems considered here are highly nonideal mixtures

due to the large differences in the size of the molecules. In
this work, we apply two tests for the prediction and correla-
tion of SLE data using our equation-of-state method. The
tests are designed for two cases. Case 1 is to test the ability of
predicting solid�liquid equilibrium data without use of binary
interaction parameters. Case 2 is to test the ability of corre-
lating solid�liquid equilibrium data by using Eqs. 42�44 for
G E in our AE mixing rules, Eqs. 40 and 41.

Case 1. The ability to predict SLE from our equation of
state is tested. The predictions will be checked against actual
solid�liquid equilibrium data. The results will be compared
with those predicted from the van’t Hoff equation. The van’t
Hoff equation is the only one widely used in the prediction of
SLE for performing preliminary design calculations. Accord-
ing to the best of our knowledge, our equation of state is
probably the only equation-of-state method possessing the
same accuracy in the predictive capability as the van’t Hoff
equation.

To demonstrate, we have chosen here the excess Gibbs en-
ergy model G E given by Eqs. 42�44 for use in our AE mixing
rules of Eqs. 40 and 41. As mentioned previously, because
AE in Eq. 40 is at zero pressure, its value is identical to the0
excess Gibbs energy, G E, at zero pressure. Since Eqs. 42�44
are the same as the NRTL equation, the NRTL parameters,
A , A and � , if available from a database, can be usedi j ji i j
directly in the mixing rule for the prediction of solid solubili-
ties in liquid from vapor�liquid equilibrium data. However, it
is well known that the NRTL binary interaction parameters
Ž .BIPs are a strong function of temperature. The BIPs re-
gressed from VLE data at one temperature are not accurate
for the prediction of VLE at the other temperatures. Fur-
thermore, the vapor�liquid data at low temperatures where
the solid is in equilibrium with liquid are often unavailable.
To test the true ability of predicting solid�liquid equilibria
from our equation of state, we therefore decided not to use
binary interaction parameters in this case.

Two systems are considered in detail: n-hexadecane
Ž . Ž . Ž .C H rn-hexane C H and docosane C H r2-meth-16 34 6 14 22 46

Ž .ylpentane C H . The predicted solid solubilities are shown6 14
in Tables 3 and 4. In Tables 3 and 4, we label x , van’t Hoff,1
and TST CEOS as the experimental solid solubility in the
liquid phase, predicted from the van’t Hoff equation and our
equation-of-state method, respectively. The predicted solid

Ž .solubility in the liquid phase for n-hexadecane C H rn-16 34
Ž .hexane C H is very accurate, with an AAD% of 2.87%6 14

and 2.83% from the van’t Hoff equation and our equation-
of-state method, respectively, despite the assumption of using
zero values for the NRTL BIPs. However, both the van’t Hoff
equation and our equation-of-state method underpredict solid

Ž .solubilities for the system docosane C H r2-methylpen-22 46
Ž .tane C H by 29%. Although the prediction is not accu-6 14

Table 3. Comparison of Experimental and Predicted Solid
( )Solubilities of Hexadecane C H , Designated as Compo-16 34

( )nent 1, in the Binary Liquid System Hexadecane C H16 34
( )and Hexane C H from the van’t Hoff Equation and TST6 14

Cubic Equation of State Without Use of Binary Interaction
Parameters

Ž .No. T K x van’t Hoff Devi% TST CEOS Devi%1

1 277.35 0.3273 0.3300 0.81 0.3313 1.23
2 280.00 0.4087 0.4107 0.50 0.4123 0.87
3 281.90 0.4602 0.4794 4.16 0.4808 4.48
4 283.35 0.5157 0.5386 4.44 0.5399 4.69
5 284.35 0.5630 0.5833 3.60 0.5843 3.78
6 285.25 0.6069 0.6263 3.20 0.6270 3.32
7 286.35 0.6576 0.6829 3.84 0.6831 3.87
8 287.15 0.6993 0.7269 3.94 0.7266 3.90
9 288.10 0.7470 0.7824 4.75 0.7815 4.62

10 288.70 0.7949 0.8195 3.10 0.8180 2.91
11 289.35 0.8355 0.8615 3.11 0.8593 2.85
12 289.90 0.8729 0.8985 2.93 0.8957 2.61
13 290.55 0.9254 0.9441 2.03 0.9404 1.63
14 290.95 0.9577 0.9733 1.62 0.9690 1.18
15 291.45 1.0000 1.0000 0.00 1.0000 0.00

AAD% 2.87 2.83

rate enough, the model predicts reasonable and consistent
values. Because of this, solubility data can be correlated with
a high accuracy by our equation of state using the AE mixing
rules. The accurate results are given in Table 5, and the BIPs
are given in Table 6. The AAD% of the regression for this
system is 3.00%. This AAD% is principally due to two points
at 316.00 K and 315.25 K that deviate by 17.77% and 12.86%.

Table 4. Comparison of Experimental and Predicted Solid
( )Solubilities of Docosane C H , Designated as Component22 46

( )2, in the Binary Liquid System 2-Methylpentane C H and6 14
( )Docosane C H from the van’t Hoff Equation and TST22 46

Cubic Equation of State Without Use of Binary Interaction
Parameters.

Ž .No. T K x van’t Hoff Devi% TST CEOS Devi%1

1 317.05 0.0000 0.0000 0.00 0.0000 0.00
2 316.50 0.0543 0.0374 y31.10 0.0407 y25.01
3 316.00 0.0795 0.0653 y17.82 0.0681 y14.36
4 315.85 0.1043 0.0736 y29.46 0.0762 y26.98
5 315.40 0.1654 0.0979 y40.82 0.1000 y39.53
6 315.35 0.1666 0.1006 y39.64 0.1026 y38.39
7 315.25 0.1985 0.1059 y46.67 0.1079 y45.66
8 314.40 0.2589 0.1499 y42.10 0.1512 y41.62
9 313.50 0.3209 0.1944 y39.42 0.1950 y39.23

10 313.35 0.3395 0.2016 y40.62 0.2021 y40.47
11 312.40 0.3915 0.2460 y37.18 0.2459 y37.19
12 311.35 0.4473 0.2924 y34.63 0.2919 y34.75
13 310.35 0.5019 0.3342 y33.41 0.3334 y33.58
14 309.65 0.5241 0.3622 y30.90 0.3611 y31.10
15 309.35 0.5352 0.3738 y30.15 0.3727 y30.36
16 308.70 0.5751 0.3984 y30.72 0.3972 y30.94
17 307.40 0.6294 0.4451 y29.29 0.4436 y29.52
18 305.75 0.6794 0.4996 y26.47 0.4980 y26.70
19 304.05 0.7268 0.5506 y24.24 0.5491 y24.45
20 302.35 0.7631 0.5970 y21.77 y0.5956 y21.95
21 300.95 0.7905 0.6319 y20.06 0.6306 y20.23
22 298.50 0.8331 0.6865 y17.60 0.6855 y17.72
23 295.75 0.8704 0.7391 y15.09 0.7383 y15.17
24 293.50 0.8957 0.7760 y13.37 y0.7755 y13.42

AAD% 28.85 28.26
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Table 5. Comparison of Experimental and Predicted Solid
( )Solubilities of Docosane C H , Designated as Component22 46

( )2, in the Binary Liquid System 2-Methylpentane C H and6 14
( )Docosane C H from TST Cubic Equation of State Using22 46

the CEOSrrrrrAE Zero Pressure-Mixing Rules

Ž .No. T K x TST CEOS Diff. Devi%1

1 317.05 0.0000 0.0000 0.0000 0.00
2 316.50 0.0543 0.0490 y0.0053 y9.73
3 316.00 0.0795 0.0936 0.0141 17.77
4 315.85 0.1043 0.1087 0.0044 4.24
5 315.40 0.1654 0.1567 y0.0087 y5.23
6 315.35 0.1666 0.1621 y0.0045 y2.67
7 315.25 0.1985 0.1730 y0.0255 y12.86
8 314.40 0.2589 0.2576 y0.0013 y0.49
9 313.50 0.3209 0.3299 0.0090 2.81

10 313.35 0.3395 0.3405 0.0010 0.30
11 312.40 0.3915 0.4008 0.0093 2.37
12 311.35 0.4473 0.4571 0.0098 2.18
13 310.35 0.5019 0.5038 0.0019 0.38
14 309.65 0.5241 0.5336 0.0095 1.80
15 309.35 0.5352 0.5457 0.0105 1.96
16 308.70 0.5751 0.5708 y0.0043 y0.74
17 307.40 0.6294 0.6171 y0.0123 y1.96
18 305.75 0.6794 0.6692 y0.0102 y1.50
19 304.05 0.7268 0.7164 y0.0104 y1.43
20 302.35 0.7631 0.7577 y0.0054 y0.71
21 300.95 0.7905 0.7876 y0.0029 y0.37
22 298.50 0.8331 0.8315 y0.0016 y0.19
23 295.75 0.8704 0.8699 y0.0005 y0.06
24 293.50 0.8957 0.8942 y0.0015 y0.17

AADrAAD% 0.0073 3.00

Neglecting these two points in the analysis results in an
AAD% of less than 2%. This case demonstrates that our
methodology is very successful in developing a cubic equation
of state for the prediction of solid�liquid equilibria to have
the same accuracy of predicted solubilities as the van’t Hoff
equation.

Case 2. The ability of correlating solid�liquid equilibrium
data over the entire liquidus line is tested. We have consid-
ered five highly nonideal binary mixtures, which may be de-
scribed by the solid fugacity equation given by Prausnitz
Ž .1969 combined with any liquid activity model for the liquid
phase. The nonideal systems selected for testing the cubic
equation-of-state method for SLE are listed in Table 6. Since
the NRTL binary interaction parameters are not available for
these systems at low temperatures, we have to regress the
SLE data to derive the binary interaction parameters. The
binary interaction parameters of our AE mixing rules used in

the TST equation of state are A and A with the value ofi j ji
� set equal to 0.2. Table 6 gives the values of binary inter-i j
action parameters for each system. The accuracy of the corre-
lation, which is in the terms of average absolute deviation

Ž .percentage AAD% in the solid solubility in the liquid phase,
is also given in Table 6. There are two results for compari-
son, one is by prediction and the other is by correlation. The
AAD% of the prediction from the TST equation of state is
obtained by setting the binary interaction parameters, equal
to zero. The AAD% of the correlation is obtained by the
regression of the SLE data into the two binary interaction
parameters, A and A , for each binary while fixing the thirdi j ji
parameter of � to a constant value of 0.2. The results of thei j
prediction are quite accurate for all systems, except for the

Ž . Ž .system docosane C H r2-methylpentane C H , as just22 46 6 14
discussed. The predicted results can be improved signifi-
cantly by using the binary interaction parameters, as given in
Table 6. The equations-of-state method accurately correlates
data covering the entire liquidus curve with a typical error of
1 to 5% deviation in solid solubility in the liquid phase for
highly nonideal systems.

The results of the NRTL binary interaction parameters ob-
tained from solid�liquid equilibria are the values at the low-
est temperature limit for the phase equilibria. Since the bi-
nary interaction parameters are a function of temperature,
the binary interaction parameters derived from SLE data are
very valuable for extending the application of a cubic equa-
tion of state and the NRTL model to vapor�liquid equilibria
at very low temperatures.

Conclusions
A thermodynamic framework for predicting solid�liquid

equilibria from an equation-of-state method combined with
an excess Helmholtz-energy mixing rule is developed. The
developed TST equation of state is able to predict solid�liquid
equilibria with the same accuracy as the van’t Hoff equation.
The data of solid�liquid equilibria can be correlated accu-
rately by our equation-of-state method using AE mixing rules.
The binary interaction parameters of the activity coefficient
model used in the AE mixing rule obtained from SLE extend
the application of a cubic equation of state and activity coef-
ficient model to the lowest temperature limit for the predic-
tion of vapor�liquid equilibria. Our approach developed here
will be applied to solid�liquid equilibria of solid solutions in
our next work.

( )Table 6. Average Absolute Deviation Percent AAD% for the Predicted and Correlated Solid Solubilities of Component 1 in
E ( )�Binary Liquid System from TST Cubic Equation of State Using the CEOSrrrrrA Zero-Pressure Mixing Rules � s0.2i j

Predicted Correlated

Binary A A AAD% A A AAD%12 21 12 21

Ž . Ž .NC16 1rNC6 2 0.0 0.0 2.83 936.963 y606.385 0.79
Ž . Ž .CH 1rNC16 2 0.0 0.0 7.99 y748.160 1,325.78 5.42
Ž . Ž .2MP 1rNC22 2 0.0 0.0 28.26 y583.952 1,136.67 3.00
Ž . Ž .NC28 1rNC7 2 0.0 0.0 5.71 2,588.26 y1,243.95 0.95

Ž . Ž .CH 1rNC18 2 0.0 0.0 6.07 y760.282 1,350.08 2.84

� Data taken from International DATA Series, Selected Data on Mixtures: Ser. A.
Abbre®iations: CH s Cyclohexane, C H ; NC6 s n-hexane, C H ; 2MP s 2-methylpentane, C H ; NC7 s n-heptane, C H ; NC16 s n-6 12 6 14 6 14 7 16
hexadecane, C H ; NC18 s n-octadecane C H ; NC22 s docosane, C H ; NC28 s octacosane, C H .16 34 18 38 22 46 28 58
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Notation
a, bscubic equation-of-state parameters

a� , b�sdefined as ParR2T 2 and PbrRT , respectively
AsHelmholtz energy

C sconstant as defined in Eq. 481
C sconstant as defined in Eq. 36r
C sheat capacityp
GsGibbs energy

k sbinary interaction parameteri j
ll , m, nsparameters in the Twu’s � function

Pspressure
Rsgas constant
Ts temperature

u, wscubic equation-of-state constants
®svolume

x smole fraction of component ii
Z scritical compressibility factorc

Greek letters
�scubic equation-of-state alpha function

	 scharacteristic of the interaction between molecules i and ji j
as defined by Eq. 47

Subscripts and superscripts
i, jsproperty of components i, j

ijs interaction property between components i and j
oszero pressure

®dwsvan der Waals
�sreduced property
Esexcess property
Ls liquid properties
Sssolid properties
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